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Abstract. Let (M,p) be a C°° smooth non-Leviflat CR hypersurface germ 
in C 2 where p is of infinite type. The purpose of this article is to investigate 
the holomorphic vector fields tangent to (M, p) vanishing at p. 

1. Introduction 
A holomorphic vector field in C™ takes the form 

fc=l 

for some functions h\,...,h n holomorphic in z = (zi, . . . , z n ). A smooth real 
hypersurface germ M (of real codimension 1) at p in C" takes a defining function, 
say p, such that M is represented by the equation p(z) = 0. The holomorphic 
vector field X is said to be tangent to M if its real part Re X is tangent to M, i.e., 
X satisfies the equation Re Xp = 0. 

In several complex variables, such tangential holomorphic vector fields arise 
naturally from the action by the automorphism group of a domain. If CI is a 
smoothly bounded domain in C n and if its automorphism group Aut (CI) contains 
a 1-parameter subgroup, say {</?*}, then the ^-derivative generates a holomorphic 
vector field. In case the automorphisms of CI extend across the boundary (cf., |10) . 
[5]), the vector field generated as such becomes a holomorphic vector field tan- 
gent to the boundary hypersurface dCl. Even such a rough exposition illustrates 
already that the study of such vector fields is closely linked with the study of the 
automorphism group of CI, an important research subject in complex geometry. 

Over the decades, the domains admitting such automorphism groups with a 
boundary accumulating orbit have been studied extensively by many authors. To 
take only a few examples, well-known theorems such as the Wong-Rosay theorem 
p5l [24] , the Bedford-Pinchuk theorems [TJ El [3] and the theorems characterizing the 
bidisc by Kim, Pagano, Krantz and Spiro [T71 [TSl [H] gave characterization of the 
bounded domain with non-compact automorphism group among many theorems 
in this circle of research. All these theorems rely upon the existence of an orbit 
of an interior point by the action of the automorphism group accumulating at a 
pseudoconvex boundary point, strongly pseudoconvex, of D'Angelo finite type [5], 
or of Levi flat in a neighborhood, respectively. For the complementary cases, Greene 
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and Krantz posed a conjecture that for a smoothly bounded pseudoconvex domain 
admitting a non-compact automorphism group, the point orbits can accumulate 
only at a point of finite type . 

In the case that the automorphism group extends to a subgroup of the diffeomor- 
phism group of the closure and that the automorphism group of a bounded domain 
has a nontrivial connected subgroup whose point orbit accumulates at a boundary 
point, it produces an action on the boundary surface by a nontrivial tangential 
holomorphic vector field vanishing at the boundary accumulation point. Analysis 
of such vector fields has turned out to be quite essential: cf., e.g., [TJI21I3] m which 
the existence of parabolic vector fields plays an important role. In case the vector 
field is contracting at a C°° smooth boundary point, a theorem of Kim and Yoccoz 
[20] implies that the boundary point is of finite type, thus solving an important 
case of the Greene-Krantz conjecture mentioned above. Therefore, the following 
problem emerges naturally: 

Problem 1. Assume that (M,p) is a non-Leviflat CR hypersurface germ in C n 
such that p is a point of infinite type. Characterize all holomorphic vector fields 
tangent to M vanishing at p. 

A typical consequence of the main results of this paper is as follows: 

Theorem 1. Let (M, 0) be a pseudoconvex C°° CR hypersurface germ in C 2 defined 
by Re z\ + P(z 2 ) = 0, where P(z 2 ) satisfies: 

(1) P{z2) vanishes to infinite order at z 2 = 0, 

(2) P(z 2 ) > for any z 2 ^ 0. 

If X is a holomorphic tangent vector field to (M, 0) vanishing at 0, then X is either 
identically zero, or X — iaz 2 d / dz 2 with a a nonzero real constant, in which case 
P{z 2 )=P{\z 2 \). 

The defining function of a general CR hypersurface germ M, say, at even in 
complex dimension 2 is more complicated. Let (M, 0) be a CR hypersurface germ 
at the origin in C 2 where is of infinite type. If one writes z\ = u + iv, then M 
takes a defining function equation 

p(z) =u + P(z 2 ) + vQ(z 2 , v)=0 

from the Taylor expansion (of u) in the variable v. Despite its general feature, the 
theorem above is clearly just a special case of the main result of this article; we 
indeed present the complete list of tangential holomorphic vector fields vanishing 
at for much broader a class of CR hypersurfaces in C 2 . 

Before going in further we acknowledge that this work has been heavily influenced 
by many papers preceding ours. Some of them, in addition to the ones cited already, 
include [SI H El HH H21 H3j HH [HI HH Ell ES|, just to name a few. We point out 
that the results of this paper encompass almost all cases in the literature [Op. cit] 
and in fact more general. 

2. Main results of this paper 

For the sake of smooth exposition, we would like to explain the main results of 
this article, deferring the proof to the later sections. 
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Let M be a C°°-smooth real hypersurface germ at the origin = (0,0) in C 2 . 
Then it admits the following expression: 

M = {{zi,z 2 ) G C 2 : p{z 1 ,z 2 ) = Re zi + P(z 2 ) + Im ziQ(z 2 ,Im zi) = 0}, (1) 

where P and Q are C°°-smooth functions with P(0) = 0, dP(0) = and Q(0, 0) = 0. 
We now discuss what the concept of infinite type means. 

Following 19! , we consider a smooth real- valued function / defined in a neigh- 
borhood of in C. Let v(f) denote the order of vanishing of / at 0, by the first 
nonvanishing degree term in its Taylor expansion at 0. Order 1 vanishing simply 
means /(0) = 0, but the first degree term is not identically zero, for instance. 

In case / is a mapping into K fc , k > 1, we consider the order of vanishing of all 
the components and take the smallest one among them for the vanishing order of 
/. Denote it by fo(f). Also denote by A = {z € C: \z\ < 1}. Then the origin is 
called a point of infinite type if, for every integer £ > 0, there exists a holomorphic 
map h : A -> C 2 with h{0) = (0, 0) such that 

Mh) f oo and »AE^± > L 
u (h) 

Notice that the terminology "infinite type" coincides with "not of D'Angelo finite 
type", since the definition of being a point of M of D'Angelo finite type is that 
the supremum of i>o(p o h)/vo(h) over all possible analytic curves h is bounded. If 
we just call this supremum the D'Angelo type of M at 0, denoted by r(M, 0), then 
the definition of infinite type is simply that t(M, 0) = oo. 

Then the following result pertaining to the infinite type is our first result of this 
article: 

Theorem 2. Suppose that M is a smooth real hypersurface germ in C 2 at the 
origin defined by 



p(zi,z 2 ) = Re z\ + P(z 2 ) + Im ziQ(z 2 , Im z\) = 0. 



Assume also that 



QNp 



dz 2 



= for every nonnegative integer N . Then the origin 

22=0 



2 

is a point of infinite type if and only if P{z 2 ) vanishes to infinite order at z 2 = 0. 

d N p 



Notice that the condition that „ , 

ozL 



= for every positive integer N for P is 

Z2=0 

not an artificial restriction. In the viewpoint of formal power series expansion of P 
at the origin, this condition simply amounts to that each homogeneous polynomial 
of homogeneous degree does not contain any harmonic terms. This can be achieved 
through a holomorphic change of the coordinate system at the origin. 

Then we present the following characterization of holomorphic vector fields which 
are tangent to a hypersurface and vanish at an infinite type point. 

Theorem 3. If a hypersurface germ (M, 0) is defined by the equation p(z) := 
p(z%, z 2 ) = Re Z\ + P(z 2 ) + (Im z%) Q(z 2 , Im Z\) — 0, satisfying the conditions: 

(1) P{z 2 ) > for any z 2 £ 7 

(2) P vanishes to infinite order at z 2 — 0, and 

d N Q(z2,0) nf ... . , N 

— tj = U for every positive integer 1\ , 

z" z 2 =0 



(3) — 
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then any holomorphic vector field vanishing at the origin tangent to (M, 0) is either 
identically zero, or of the form i(3z 2 -^ for some non-zero real number (3, in which 
case it holds that p{z\, z 2 ) = p{z\, \z 2 \). 

Note that Theorem [3] implies Theorem [TJ 

Remark 1. It is worth noting that the conclusion of Theorem [3] says that there are 
no hyperbolic or parabolic orbits of CR automorphisms of (M, 0) accumulating at 0. 
This is seen by working out the necessary analytic differential equation associated 
with the vector field H . 

Remark 2. As to the hypothesis of the theorem, the condition (1) is not unnatural; 
this condition holds for instance, up to a change of the holomorphic coordinate 
system, if (M, 0) admits a holomorphic peak function at 0. Condition (2) simply 
says that is a point of infinite type. The last condition (3) is the only technical 
condition but is essential for the conclusion of the theorem. Of course a holomorphic 
change of coordinates can remove the harmonic terms from Q{z 2 , 0), but then the 
new remaining term does no longer possess the factor Im z 2 . In such a case, we 
show by the example below that, without the condition (3), the conclusion of the 
theorem does not hold. On the other hand, the condition (3) is used only once in 
the proof, i.e., in Section 4.2. There, we need only that Q(z 2 ,0) does not contain 
the monomial term z 2 , in case k = v(Q(z 2 ,0)), finite. 

Remark 3 (The notation P'). Taking the risk of confusion we employ the notation 



throughout the paper. Of course for a function of single real variable fit), we shall 
continue using f'(t) for its derivative, as well. 

Example 1. We now demonstrate that there exists a hypersurface germ (M, 0) 
satisfying the hypotheses of Theorem |3] except the condition (3), which admits a 
nontrivial holomorphic tangent vector field with both djdz\ and d/dz 2 present in 
the expression nontrivially. 

Let M be the real hypersurface in A 2 C C 2 defined by 



P'(z 2 ) = P Z2 (z 2 ) = — (z 2 ) 



M = {( Zl ,z 2 )eA 2 : 



p{z\,z 2 ) 



Rezi + P{z 2 ) + (Im z 1 )Q{z 2 ) = 0}, 



where P and Q are given as follows: 



Q(z 2 ) 



tan ((Im z 2 ) 2 ) 



and 




exp( 



l 

32 



+ 



ilm (z 2 )-log|cos((Imz 2 ) 2 )|) if < \z 2 \ < 1 

if z 2 = 0. 



Define a holomorphic vector field H by 
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We claim that the holomorphic vector field H is tangent to the hypersurface M. 
Indeed, computation shows: 



Re 
Re 



iz 2 Q Z2 (z 2 ) + ( - 



2i 



= 0, 



2i ) 



(z 2 ) 



(2) 



= 0. 



Moreover, p zi {z\,z 2 ) = \ - 
forc it follows by @ that 

ReH(p(zi, z 2 j) = Re 
= Re 



Q(Z2) 

2i 





.Q(Z2)\ 




2i J 




,Q(Z2)\ 




2i ) 



and p Z2 (z 1 , z 2 ) = P'{z 2 ) + (lmzi)Q Z2 (z 2 ). There- 

ziz% + (P'(z 2 ) + (lmzi)Q Z2 (z 2 ))iz 2 
i(Im2:i) - P(z 2 ) - (liazijQ(z 2 )^Z2 



+ (P'(z 2 ) + (lm Zl )Q Z2 (z 2 ))iz 2 



Re 







iz 2 P (z 2 ) - - 



(3) 



(Imzi)Re 



2 

iz 2 Q Z2 



2i 



z 2 2 P(z 2 ) 



Q(g a ) 

2i 



for every (zi, 22) G M. Hence the claim is justified. 

3. On the defining equations for the germs of infinite type 

From here on, the vanishing order is always computed at the origin. Henceforth, 
the notation v will represent vq, unless mentioned otherwise. 

3.1. Proof of Theorem[2j Assume that P(z 2 ) vanishes to infinite order at z 2 = 0. 
Then define tp to be the holomorphic curve ip(t) = (0, t) : A — > C 2 , where A = {zg 
C: \z\ < 1}. Then v(po ip) = v(P) — +00 and consequently, 

v(pop) 



T (M, 0) = sup • 



<<P) 



-00. 



In order to establish the converse, suppose that t{M, 0) = +00. Then for each 
N > 1 there is a holomorphic curve tp^v : A — > C 2 with y>jv(0) = (0, 0) such that 

Kpoiiv) > N 
v(tp N ) ~ 

The present goal is to show that v(P) > N. 

For convenience, we use temporarily the notation 

<p N (t) = ( Zl (t),z 2 (t)) 

where t is the complex variable. Consider 

poip N (t) = Re z x {t) +P(z 2 (t)) +Im z x {t)Q(z 2 {t) , Im z x (t)). (4) 

The vanishing order of the third term of the right-hand side of (j4|) is strictly 
larger than the first. Thus the third term does not have any role in the type 
consideration. Thus we consider the following three cases: 
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Case 1. i/(P(z2)) < f(zi): If v{z\) > v((pn), then 1/(2:2) = ^(^jv). Hence 
Z2 ^ 0. Moreover 

^<^°p*) = ^te)) =l/(P)i 

K^Jv) ^(22) 

as desired. 

The remaining subcase to consider is when v{z\) = v(ip]\f). In this case, 1/(22) > 
v{z\), since i/(<^jv (*)) = min{j/(zi(t)), j/(z2(i))}- In particular, zi ^ 0. And, one 
obtains that 

N < v{p°>Pn) = v{P{z2)) Kfi) = x 
~~ v((p N ) v(zi) v(zi) 

But this is absurd. Hence our goal is justified in this case. 

Case 2. i/(P(z2)) > i/(zi): If v{z 2 ) < ^(21), then v(z 2 ) — v(lpn)- Hence 
Z2 ^ 0, and 

N < v{p°Vn) = v{zi) < v{P{z 2 )) = , p , 
~ v(<Pn) v&n) v{z 2 ) 

as desired. 

The remaining subcase, now, is when 1/(22) > K z i)- I n this case z/(y?jy) = v(z\). 
Then 2! ^ 0, and 

^ < v(p°<Pn) = v{zi) = 
~ v{ip N ) v{z\) 
which is absurd. Hence the claim is prove in this case also. 

Case 3. v(P(z 2 )) = f(zi): If v(Re zi(t) + P(z 2 (t))) = v(zi(t)), then we 
also obtain v{P) > N by repeating the arguments as above . 

Thus the only remaining case is when v{Ke Z\(t) + P(z 2 (t))) > v(zi(t)). In such 
instance, z\ (t) ^ 0, z 2 {t) ^ 0, and v(P) < +00. It follows then that z\ (t) = a m t m + 
o(t m ) and that z 2 (t) = b n t n + o(t n ), where m,n > l,a m ^ 0, b n 7^ 0. Moreover 
we may also write P{z 2 ) — tp( z 2) + • where ip is a nonzero real homogeneous 
polynomial of finite degree, say, k with k > 2. Since j/(Re Zi(t) + P(z 2 (t))) > 
1/(21 (t)) = v(P(z 2 )), one sees that m = nk and 

Re (a m t m ) + ijj(b n t n ) =0, 

for every t in a neighborhood of in C. Letting s = b n t n , we arrive at ip(s) = 
Re (t^s ). But this is impossible since no finite order jet of P can contain any 
nonzero harmonic term. 

Altogether, the proof of Theorem [2] is complete. □ 

3.2. On the non-Leviflat hypersurface germs at of infinite type. Unlike 
the finite type case, it has not very well been clarified in the case of infinite type 
whether there is a variety that has infinite order contact with the hypersurface germ 
in consideration. We present a discussion concerning this point. We begin with the 
following which generalizes Lemma 2.2 of |21) . 

Proposition 4. If r(M, 0) = +00, then there is a sequence {a„}^L 2 C C such 
that for each integer N > 2 such that the holomorphic curve ifisr(t) — (zi(i), z 2 (t)) 
defined by 



N 

Z\(t) = - y^Oyt-', Z 2 (t) = t 
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satisfies 

v{p o iy9jv) > N. 

Proof. We start with the second order terms; p as 

p(z) = Re z 1 + ip(z 2 ) + o(\z 2 \ 2 , Im 

where ^ is a real valued homogeneous polynomial of degree 2. Since t(M, 0) = 
+oo, the proof-argument of Theorem [2] implies that ip(z 2 ) = Re(a 2 £§)- Let $2 : 
(zi, Z2) 1 y (^1,^2) be an automorphism of C 2 defined by £1 = z\ + 02^!, £2 = ^2 (a 
"shear" mapping). Then 

p°^ 1 (a,6) = Rc6 + o(|6l 2 ,im 6). 

Now proceed by induction: Assume that, for each j > 2, the coefficients a 2 , ■ ■ ■ , &j-i 
and the automorphisms $2, ■ • • , ^j-i have already been determined so that 

po^o-.-o <Pj\(() = Re d + ^-(C 2 ) + o(|C 2 P',Im Ci), 

where i/jj is either or a real valued homogeneous polynomial of degree j. 

The the proof- argument of Theorem [2] implies that tpj(z 2 ) = He(ajZ 2 ). Thus let 
3>j : C 2 —> C 2 be the automorphism of C 2 defined by 

£l = Cl +%<2) 6 = C2- 

We then obtain 

po $-1 o ... o $t_\ o = RcCi + o(|6| J ',Im Ci). 

This induction argument yields the sequence {afc}fe° =2 Furthermore, for 

each iV > 2, a non-singular holomorphic curve tp n defined on a neighborhood of 
t = in C by (/3jv(t) := $2 1 ' ' ' ^jv (0>*) which satisfies po ipN(t) — o(\t\ N ), or 
equivalently z^(p o ip N ) > N . Of course it is clear that 

v 

M*) = (-2oi* i . *), 
3=2 

and the proof is complete. □ 

Note that if the series J2JL 2 a i z ^ converges in an open neighborhood of z = 
in the complex plane, then v(p o i^,) = +00, where (/J^ is the holomorphic curve 
given on a neighborhood of t — in C by 

00 

zi(t) = -y^Qjt? 7 ', z 2 (o = t. 

So it is natural to ask at this point whether there exists a regular holomorphic 
curve (^oo defined on a neighborhood of the origin in the complex plane such that 
v(p o ifoo) = +00, or even more bold to ask whether the above procedure may 
produce such curve. The following example gives the negative answer. 

Example 2. There exists a hyper surface germ (M, 0) with r(M, 0) = +00 that 
does not admit any regular holomorphic curve that has infinite order contact with 
M atO. 

The construction is as follows: for n = 2, 3, • • • , denote by 

1 1 
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a function of the single complex variable t with for \t\ < 1/n, where a n = 2/n n . 
Then g n is holomorphic on {\t\ < 1/n} with f(g ra ) = n. Expanding g n into Taylor 
series we obtain 



1 1 

9n(t) = — 



1 



Then 



a n a n l — t n /a n 
(nfc)' 



oo 



k=l 



#(0) ={ a k+1 



if j = nk for some integers k > 1 , n > 2 



otherwise. 

For each n = 2, 3, • • • denote by / n (z) the C°°-smooth function on C such that 



/„(*) - 
Of course, v{f n ) = n and 



Re(g n (z)) if \z\ < l/(n + l) 
if |^| > 1/n. 



1 (nfc)! 

- fc if j = nk for some integers fc > 1 , n > 2 

2 a„ 

otherwise. 



Denote by {A„} an increasing sequence of positive numbers such that 

\d k+ if n 



A„ > max jl, 



dz k dzJ 



:j,ke E,k+j < n), 



where || ||oo represents the suprcmum norm. Now let f n (z) = -An fn(^nz). The 
repeated use of the chain rule implies that 



dz k 



1 d k f n 
n n \n~ k dz k 



(X n z), k = 0, 1, 



Combining this with the previous result for the fc-th derivative of /„ at zero, one 
arrives at 



d k .f n 
dz k 



(0) 



if fc I n 
if fc | n. 



Let f(z) = Y^=2 fn{z). For every fc, j, non-negative integers, one sees that 



E 

n=2 



d k+j f n 

dz k dzi 



j+k 



< 



d k+j f n 



dz k dzi 



< 



^ n n \ n ^ k ~ j ~ 1 



An 



53 — - 

< +oo. 



fc— j 



<*> + E i 



dz k dzi oo z — ' n" 

n=j+k+l 



This shows that / e C°°(C). 
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Let {p n }^Li be a sequence of prime numbers such that p n — » +00 as n — > 00. It 
is easy to see that 



^ dzP 

J=2 



J'=2 " j=Pn + l 

QPn f (rt - Pn [ -(Pn) Pn 
~Jp n \ u ) — o 



fop™ 

The hypersurface germ M at (0, 0) we consider is defined by 
M = {(zi,z 2 ) eC 2 :p = Rez! + f{z 2 ) = 0}. 
We are going to show that r(M, 0) = +00. For this purpose, for each N > 2, 

consider ipjy = (zi,z 2 ), a holomorphic curve defined on {t e C : \t\ < - — — -} 

Xn{N + 1) 

by 

N 1 

z i(t) = -^2 -^9n{Kt); z 2 (t) = t. 

n=2 U An 

Then p o ip^(t) = J2^Ln+i Since v{f n ) = n for n = 2, 3 • • • , it follows that 

v{p o ip N ) = N + 1, and hence t(M, 0) = +00. 

We finally demonstrate that there is no regular holomorphic curve tpoo(t) = 
(h(t), t), such that v{p o ipoo) = +00. 

Assume the contrary that such a holomorphic curve exists. Then p o (poofy) = 
Reh(t) + f(t) = o(t N ) for every N = 2,3,- ••, and thus fc,W(0) = -2^/(0) 

for any N = 0, 1, ■ • • . Consequently, ftO»)(0) = -2^-/(0) = iEliilipiZl, an d 
moreover 



, ? > W (0)1 ,./ 1^(0)1 

hmsup \/ — >hmsup p \ — ; — ^ — 



Km J^S#L= lim ^ = +oo. 

This implies that the Taylor series of h(z) at has radius of convergence 0, which 
is impossible since h is holomorphic in a neighborhood of the origin. This ends the 
proof. □ 



4. Analysis of holomorphic tangent vector fields 
This section is entirely devoted to the proof of Theorem [3] 

Let M = {(z!.z 2 ) e C 2 : Re z\ + P(z 2 ) + (Im z x ) Q(z 2 ,Im z x ) = 0} be the real 
hypersurface germ at described in the hypothesis of Theorem [3] Our present goal 
is to characterize its holomorphic tangent vector fields. 

For the sake of smooth exposition, we shall present the proof in two subsections. 
In 4.1, several technical lemmas are introduced and proved. Then the proof of 
Theorem [3] is presented in 4.2. 
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4.1. Technical lemmas. Start with 
Lemma 1. If (3 is a real number, then 

1 



lim Re 

z->0 



+ ipz 



P'(z) 



P{z) 



n+l 



^0 



(5) 



for any nonnegative integer n. 



Proof. We may assume that fj ^ as there is nothing to prove otherwise. Suppose 
that 



lim Re 

z->0 



1 



P(z 



in+1 



0. 



Then let 



F(z) := 



- log P(z) if = 
2 -1 

if n > 1. 



Also let u(t) := F{re lfit ) 
(J5]) implies that = 



2nP n (z) 

£ G (— oo, +oo), for some r > is sufficiently small. Then 
-1 +j(re il3t ), t e (-oo,+oo). Let r > be such that 
| 7 (re'^*)| < 1/(2|/3|) for all r < ro and t E (— oo, +oo). Now for a fixed number r 
with < r < ro) we have u(t) — u(0) = —t + J j(re z ^ s )ds for t 6 (— oo, +oo). Thus 

= \u{2%//3) - u(0)\ > 2ir/\0\ - f^ /0 | 7 (re i/3s )|ds > ir/\/3\, which is impossible. 
Hence the lemma is proved. □ 

Lemma 2. Denote the punctured unit disc by A* := {z € C : < \z\ < eo}. // 
a curve 7 : (0, 1) — > A* defined on the unit open interval (0, 1) is C 1 -smooth such 
that limt^o "/(t) = then, for any positive integer n, the function 



Re 



l\t) 



(6) 



cannot be bounded on (0, 1). 

Proof. Suppose that there exists such a C 1 -smooth curve 7 : (0, 1) 



A* o . Let 



logP(z) 



and let u(t) 



F{z) 

2nP n (z) 

F(7(t)), t e (0, 1). © implies that 



if n = 
if n > 1 



u'(t)=Re j'(t)- 



P'(j(t)) 



vt e (0,1). 



Since u'(t) is bounded on (0, 1), u(t) also has to be bounded on (0, 1). But this last 
is impossible since u(t) = F(-f(t)) — > —00 as t J, 0. The lemma is proved. □ 

This lemma shows in particular that the function P'(z)/P(z) is unbounded along 
any smooth curve 7 : (0, 1) — > A* o (eo > 0) such that 7' stays bounded on (0, 1) 
and satisfies lim^o7(i) = 0. It has generally been expected that, when a real- 
valued smooth function f(t) of real variable t near vanishes to infinite order at 
0, lim t j,o yrQ = 00 has to hold and hence the above lemma would have to follow. 
However, such a quick expectation is not valid. We present an example here. 

Example 3. Let g : (0, 1) — > R be a real valued C°°-smooth function satisfying 
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(i) g(t) = —2n on the closed interval fl H V fl H ^ 

w aw Ln+ 1 V 3n/ n + 1 V 3n/ 



for 



n= 1,2, 
-2 -1 

(ii) — < g(t) < — for every t G (0, 1); 

(iii) for each fceN there exists d(k) > such that |g (fe) (*)l < ^fc)"' * e (°i !)• 
Now let 

pf0l . = fexp(g(|z| 2 )) if0<|z|<l 
1 J ' \0 if = 0, 

then this is a C°° function on the open unit disc A that vanishes to infinite order 
at the origin. However, P'(z)/P(z) does not tend to oo as z — > 0. 

Lemma 3. If a, fe are complex numbers and if 51,(72 are smooth functions defined 
on the punctured disc A* Q := {0 < |z| < eo} wii/i sufficiently small radius satisfying: 

(Al) 5l (z) = 0(\z\ e ) andg 2 {z) = o(\z\ m ), and 

(A2) Re[az m + (bz*^ + 9l (z))] = g 2 (z) for every z G A* o 
for any nonnegative integers I, to and n except for the following two cases 

(El) 1=1 and Reb = 0, and 

(E2) to = and Re a = 
t/ien afe = 0. 

Proof. We shall prove the method of contradiction. Suppose that there exist non- 
zero complex numbers a,b G C* such that the identity in (A2) holds with the 
smooth functions gi and g 2 satisfying the growth conditions specified in (Al). 

Denote by F(z) := - \ogP{z). 
Case 1. £ — 0: 

Let u(t) := F(bt), (0 < t < 5 ) with S sufficiently small. By (A2), it follows 
that u'(t) is bounded on the interval (0,6o). Integration shows that u(t) is also 
bounded on (0, So). But this is impossible since u(t) — > —00 as 1 1 0. 

Case 2. I = 1: 

Let 7(i) := e bt , f G (-00, +00). Then | 7 (i)| = e M and j'(t) = bj(t), where 
bi = Rc(b). By (El), we have 61 7^ 0. Assume momentarily that bi < 0. 

Denote by u(t) := F(-f(tj) for t > t with t > sufficiently large. It follows by 
(A2) that u'(t) is bounded on (i ,+oo). Therefore there exists a constant A > 

such that \u(t)\ < ^4|&i|t = A log | — for all t > to. Hence we obtain, for all 

t>t , that logP(7(i)) = 2u{t) > -2Alog— !— , and thus 

|7W| 

Ph(t))>h(t)\ 2A ,t>t . 

Hence we arrive at 

^(7(*)) 

t^+oo \-f(t)\ 2A+1 

which is impossible since P vanishes to infinite order at 0. The case 61 > is 
similar, with considering the side t < instead. 

Case 3. £ = k + 1 > 2: 
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Choose c e C such that c — kbt € C \ [0,+oo) for all t € (—00, +00). Let 
7(f) := -tyc - kbt = -{/\c- kbt\e- iar ^ c - kbt y k , < arg(c-kbt) < 2vr. Note that 

~ TTT7T for 1*1 > *o with t > big enough. Let u(i) := F(^(t)). It follows 

from (A2) that 

u'(t) = -P"(7W)(Re(a 7 m W +o(| 7 (i)|" 1 )) +0(|7W| fc+1 )- (7) 
We now consider the following. 
Subcase 3.1 : n > 1. 

Since P vanishes to infinite order at the origin, ([7]) and the discussion above 
imply 

\u'(t)\<P n mMt)\ m + -^ 



< 



< 



< 



1 1 



t 2 t l + l/k 
1 



tl + l/k ■ 

for all t > to. This in turn yields 



4 1 



l«(*)l £ l«(*o)| + jf -zj+TJkds 

< 1 

for all i > to- This is a contradiction, because lim.t_j.oo u(t) — —00. 

Subcase 3.2 : n = 0. 

We again divide the argument in 4 sub-subcases. 

Subcase 3.2.1 : m/k > 1. 
It follows from © that 

1 1 



|u'(t)| 



< 



fm/fe fl+l/fe 

for all t > to. Hence, we get 



l"WI<Kto)l + / o (^ + ^)^ 

1 1 



< 1 

for all i > to, a contradiction. 
Subcase 3.2.2 : m/k = 1. 
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Here, ((7|) again implies 



l^WI < | + ^ < |, 



for all t > to. Consequently, 



' 1 



l«(*)l £ l«(*o)| + / ~ ds 

< l«(*o)l + 

< log t < log 



to ° 

<|u(to)H-(logt-bgto) 
1 



|7(*)I' 

for all t > to. Therefore there exists a constant A > such that \u(t)\ < A\og 



for all t > to. Hence for all t > to, logP( 7 (i)) = 2u(t) > —2A log -. — ^— r, and thus 

p(7(<)) > h(t)\ 2A , V* > to- 

This implies 

^Too | 7 (t)|^+i =+00 ' 
impossible since P vanishes to infinite order at 0. 

Subcase 3.2.3 : m = 0. 

Let h(t) := it(t) + Re(a)i. Recall that in this case we have (E2) which says 
Re o ^ 0. Assume momentarily that Re(a) < 0. (The case that Re(a) > will 
follow by a similar argument.) 

By 0, there is a constant B > that 

|/i'(t)|<i|Re(a)| +J B^. 

Therefore, 

I Mi) | < \h(t )\ + ^\Re(a)\(t-t ) + B £ ^j^ds 
< \Hto)\ + \\Rc(a)\(t - t ) + fcB(-L - -L) 

for all t > t Q . Thus 

u(i) > -Re(a)t- |/i(t)| 

> \Re(a)\t - \h(t a )\ - l\Re(a)\(t - t ) - kB(-L - -L) 



for all t > to- It means that u(t) — > +oo as t — > +oo, absurd. 
gM&cose ff.ff.i : < f < 1. 

Notice first that k >2. Let t = e l27r/fc and 7i (t) := r~ j ^{t) for j = 0, 1 • • • , fc-1. 
Then ^ (t) = &7* +1 (t) and 7i (i) -> as f -> oo. 

Set lt?(i) := F(jj(t)). Assume for a moment that m and /c are relatively 
prime. (In the end, it will become obvious that this assumption can be taken 
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without loss of generality.) Then r m is a primitive fc-th root of unity. There- 
fore there exist jo,ji <E {1, ••• , k — 1} such that ir/2 < arg{T m ^°) < it and 
— 7r < arg(T m: ' 1 ) < —n/2. Hence, it follows that there exists j £ {0, ••• ,k — 1} 
such that cos (arg{a/b) + ^P^arg^— b) — 2-Kmj/k) > 0. Denote by 

-A := m )|fr| cos \ ar 9( a / b ) H £ — ar 9(- b ) - Znmj/k) > 0, 

a positive constant. Now let 

h 3 (t) := u 3 (t) + Re(r-^ _ b(k a _ — (c - kbt) 1 -^). 

Note that arg(c — kbt) — > arg(-b) as t — > +oo. Hence it follows from (JJJ) that there 
exist positive constants i? and to such that 

\h'At)\ < k —^A{k\b\f-/ k - 1 B 



3 4fc £JTl/fc jl + l/fc 

and 

fc — TO 



cos 



^arg(a/o) H — arg(c — kbt) — 2mjw/kj 

> — cos ^ arg(a/6) H — arg(— b) — 2mjn/kj 

for every t > to. Thus we have 



,k — to ''' 



\hj(t)\ < \hj(to)\ +A(k\b\) 1 ~ m ^ k ^- j s~ rn / k ds + B j s^-^ds 



to 



< Mt )\ + ^(k\b\) 1 - m/k (t 1 - m/k - 4" m/fc ) + kB(t- 1/k - t- l ' k ) 



for t > to. Hence 



u j{ t)>-M _ kh{1 _ m/k) {c-kuY--' k )-\ hM 



\hj{to)\ 



\b\(k-m)) 

(k — m)arg{c — kbt) — 2mjir 
+ k 

_ ^{k\b\f- m ' k {t 1 - m ' k - tl~ m/k ) - kB(t- 1/k - r 1 /*) 

>d| c -fc6t|i-"*/*_| fci(to )| 

_ ^( fc | 6 |)l-m/fc( t l-m/fc _ t l-m/fcj _ fc^-V* _ j-l/fcj 

> i 

for t > to- This implies that Uj(t) — > +00 as t — > +00, which is absurd since 
logP(z) — > —00 as z — > 0. 

Hence all the cases are covered, and the proof of Lemma[3]is finally complete. □ 

Lemma 4. Suppose that R is a real-valued ^-smooth function defined on the disc 
A e := {z € C : \z\ < e} /or some e > 0. T7ien, Re {iz{dR/dz)(z)) = /or all 
z G A e z/ and onZy if R{z) = i?(|z|). 
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Proof. Let r be an artribrary number such that < r < e and let v(t) := R(re lt ). 
Since Re (iz(dR/dz)(z)) = 0, v'(t) = for every t € R. Thus w(t) ee u(0) and 
hence -R(z) = i?(|z|). This completes the proof as the converse is obvious. □ 

Lemma 5. If R is a real-valued ^-smooth function defined on an open neighbor- 
hood, say U, of the origin in C, then on every circle {z € C: \z\ = r} contained in 
U the function Re(izR'(z)) either identically zero, or must change sign. 

Proof. Since ^i?(re l< ) = Re [ire lt (dR/dz){re lt )], the function R(re lt ) cannot stay 
periodic in the real-variable t, unless Re [ire lt (dR/dz)(re zt )] changes its sign. □ 

Lemma 6. If b is a complex number satisfying 

Re(bz k P'{z)) = 0, (8) 

for some nonnegative integer k, except the case k = 1 and Re(b) = 0, on z € A e 
with e > 0, then 6 = 0. 

Proof. We consider three following cases. 

Case (i) : k = 0. Let u(t) := P(bt), t e (-5, +S) for some 5 > 0. It follows from 
(0) that u'{t) ee on (-5, +5), thus u{t) = u(0) = on (-S, +5). Impossible. 

Case (ii) : k = 1. Assume momentarily that 6i = Re6 < 0. For each c £ C* let 
:= P(ce bt ) for all £ > to with i > sufficiently large. It follows by ((SJ that 
u'(i) ee on (to, +oo). Hence u(t) = and consequently P ee on \z\ < cq, absurd. 

Case (iii) : k = £ + 1 > 1. Choose c G C such that c — £6t € C \ [0, +00) for every 
f G (-00, +00). Let 7(i) := - £bt = ~{/\c - M\e-' iar ^ c - m ^ 1 , < arg(c - 
tbt) < 2ir. Let u{t) := P(~f(t)). It follows from © that u'{t) ee on (i 0) +00), for 
some to > sufficiently large, and therefore is constant on (to, +00). Since 
lim t ^ +OQ u(t) = P(0) = 0, P(j(t)) ee for all t > to, which is again impossible. □ 

4.2. Holomorphic tangent vector fields: Proof of Theorem [3j The CR hy- 

persurface germ (M, 0) at the origin in C 2 under consideration is defined by the 
equation p(zi, z 2 ) — where 

p(zi,z 2 ) = Re z\ + P(z 2 ) + (Im z{) Q(z 2 ,Im z\) = 0, 

where P, Q are C°° smooth functions satisfying the three conditions specified in the 
hypothesis of Theorem 3, stated in Section 2. Recall that P vanishes to infinite 
order at z 2 = in particular. 

Then consider a holomorphic vector field H = h\{z\, z 2 )-^ + h 2 (z\, z 2 )-J=^ de- 
fined on a neighborhood of the origin. We only consider H that is tangent to M, 
which means that they satisfy the identity 

(Re H)p(z) = 0, Vz e M. (9) 

The goal is to characterize all such H. 

Since 

Pz! (zi,z 2 ) = i + ^Q(z 2 , Im zx) + Im Z\Q Z1 (z 2 , Imzi), 
2 It 

Pz 2 (zi,z 2 ) = P'(z 2 ) + Im zi Q Z2 (z 2 , Imzi ) . 
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the equation (j9|) is re-written as 
Re 



t: + 77^(^2, Im Zi) + Im ziQ Zl (z 2 ,Im Z\))h\{zx, z 2 )+ 
2 2, • (10) 



+ (P'(z 2 ) +Im ziQ Z2 (z 2 ,Im zi))/i 2 (zi, za) 



0, 



for all (zi,z 2 ) € M. 

Since (it — P(z%) ~ tQ(z2, t), z 2 ) € M for any i € 1 with |t| < 5, the equation 
again takes the new form: 



Re 



77 + ^Q(z 2 ,t) + tQ Zl (z 2 ,t))h 1 {it - P(Z 2 ) - tQ(z 2 ,t)), Z 2 ) 

■2 2i ' (u) 



+ (P'(z 2 ) + tQ Z2 (z2,t))h 2 {lt - P(z 2 ) - tQ(z 2 ,t), Z2) 

Expand hi and /i 2 into the Taylor series at the origin so that 



0. 



hi(zi,z 2 ) = ajkz{z 2 and h 2 {zi,z 2 ) = bjkz{z 2 . 
j',fe=0 j,fc=o 

Note that aoo = &oo = since /ii(0, 0) = h 2 (0, 0) = 0. 

Notice that we may choose t = aP(z 2 ) in (jTTJ) (with a G K to be chosen later). 
Then one gets 



(12) 



Re (- + ^-Q(z 2 , aP(z 2 )) + aP(z 2 )Q Zl {z 2 ,aP{z 2 ))) x 

h 1 (iaP(z 2 ) - P(z 2 ) - aP{z 2 )Q{z 2 , aP{z 2 % z 2 ) 
+ (P\z 2 ) + aP(z 2 )Q Z2 {z 2 ,aP(z 2 ))) x 

h 2 (iaP{z 2 ) - P(z 2 ) - aP(z 2 )Q(z 2 ,aP{z 2 )), z 2 )] = 0. 

for all z 2 with \z 2 \ < eo, for some positive eo sufficiently small. 

We now prove that hi = on a neighborhood of (0, 0) in C 2 . 

Assume the contrary that hi ^ 0. Then there exist non-negative integers j, k 
such that ajk ^ and the largest term in 



Re 



f 77 + T^Qfat aP{z 2 )) + aP(z 2 )Q Zl (z 2 , aP{z 2 )) 



h 1 (iaP(z 2 ) - P(z 2 ) - aP{z2)Q{z2,aP{z 2 )), z 2 ) 



is Re 



~a,jk{iot — l) J z 2 (P(z 2 )) J , where the "largest" is measured in terms of the 
speed of growth. We note that in the case k = and Rea j0 — 0, a can be chosen 
in such a way that Ke(ajQ(ia — l) J ) ^= 0. Therefore there are nonnegative integers 
m, n such that b mn ^ and that the biggest term in 



Re 



(P'(z 2 ) + aP(z 2 )Q Z2 {z 2 , aP{z 2 ))) 

h 2 {taP(z 2 ) - P(z 2 ) - aP(z 2 )Q(z 2 , aP(z 2 )), z 2 ) 
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is Re\b mn (ia - l) m z 2 "(P'(z 2 ) + aP(z 2 )Q Z2 (z 2 , aP{z 2 ))){P(z 2 )Y 
with b mn ^ 0. By (fl"2")) we get 



for some 



Re [iaj fc (ia - l) j (P(z 2 )) j z% + b mn (ia - l) m z 2 "x 

(P'(z 2 ) + aP(z 2 )Q Z2 (z 2 ,aP(z 2 jMP(z 2 )) m } = o(P(z 2 y\z 2 \ k ) 



(13) 



for all 1 22 1 < £o- Observe that j > m. Note also that, if fc = and Re(ajo) 7^ 0, 
then letting a = in (0 we get Re(a j0 + b 0m z^P'(z 2 )/P : '- m (z 2 )) -> as z 2 -> 0, 
which is not possible because of Lemmas Q] and [2j Hence, we may assume that 
Reajo = for the case fc = 0. 

We now divide the argument into two cases as follows: 

Case 1. m — 0. In addition to this condition, if n > 1, or if n — 1 and 
Re(&oi) 7^ 0: then (ITS')) contradicts Lemma [5J Therefore, we may assume that 
n = 1 and Re6oi = 0. Choose 011,0:2 € K with oi ^ 02 such that (|13p holds for 
a = Q!£ (<? = 1, 2); thus one obtains two equations. Subtracting one from the other 
yields: 



f{z 2 ) 



=Re 
b m z 2 



a jk ((i ai - iy - (ia 2 - 1) J )Z2 + 
aiQ Z2 {z 2 ,aiP{z 2 )) - a 2 Q Z2 (z 2 ,a 2 P(z 2 )) 



Pi~ Y (z 2 ) 



o{\z 2 \ k ) 



for every z satisfying < \z\ < e . 

If j = 1 then, taking lim -prf(Sz 2 ), we obtain 

5-V0+ O fe 



Re 



iai fe z 2 + boi^V^a) 



= 0, 



where ip is a homogeneous polynomial of degree fc — 1. Note that this identity 
implies that fc^O. So fc— 1 > 0. Now, the same identity says that the homogenous 
polynomial ip must contain cz k ~ 1 . But this is impossible, since ip(z 2 ) comes from 
Qz 2 ( z 2,0) which has no harmonic terms. 



Now we consider the case j > 1. Taking lim -^rf{8z 2 ) we obtain 



Re 



ajfc((iai — 1) J — (ia 2 — l) r )z 2 + b(a[ — a 2 )z 



0. 



(14) 



where b 6 C* and £ > 1 are both independent of ai and 02- Note that £ > 2 
for the case fc = 0. Indeed, suppose otherwise that fc = and 1=1. Then 
lim Z2 _>o Re (bo 1^2 %T-i(z2) ) = a ' wnere 7^ a e IR. This contradicts LemmaEl 
It follows by (111) that 

a jk ((ia! - l) j - (ia 2 - + b(a\ - a l 2 ) = 

for fc > 1, and 



Re 



a j0 ((iai - I) 3 - (ia 2 - + b{a[ - a 2 ) 



= 



for fc = 0. Since ol\ can be arbitrarily chosen in M. and note that Re (ctjo) = 0, 
taking the iV-th derivative of both sides of above equations with respect to a,\ at 
Q'i = 0, where N = 1 if £ > 2 and = 2 if £ = 1, we obtain that ctjk = 0, which is 
absurd. 
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Case 2. m > 1. If n = 1, then the number a can also be chosen such that 
Re (b m i(ia — l) m ) ^ 0. Therefore, (fT3|) contradicts Lemma El and thus /ii = on 
a neighborhood of (0, 0) in C 2 . 

Since hi = 0, it follows from (TTTj) with f = that 

= 0, 



Re [ b mn z%P'(z 2 ) 

m,n—0 



for every z 2 satisfying \z 2 \ < eo, for some eo > sufficiently small. By Lemmas 0] 
and [51 we conclude that b mn = for every m,n > except the case that m = 
and n = l. In this last case 601 = i/3 for some nonzero real number j3 and P is 
rotationally-symmetric. Moreover, (fTTj) yields that Re {iz 2 Q Z2 (z 2 ,t)) = for every 
z with \z\ < e and t with — (5 < t < 8q, for sufficiently small positive real constants 
e and <V This of course implies that Q(z 2 , t) is radially symmetric in z 2 by Lemma 

Altogether, the proof of Theorem [3] is complete. □ 
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